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1. SIMPLICIAL POSET $f$-VECTOR $s_{TANLEY}$
poset $P$ simplicial :
(i) $P$ $\hat{0}$
(ii) $x\in P$ $[\hat{0}, x]=\{y\in P :\hat{0}\leq y\leq x\}$ Boolean
Boolean






2 simplicial poset 3 simplicial poset Bj\"orner
[Bj] simplicial poset CW-poset
simplicial poset regular CW-complex face poset poset
CW-complex $\Gamma(P)$ face poset simplicial poset
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CW-complex (simplicial cell complex)
( simplicial poset )
2 3
$P$ simplicial poset $[\hat{0}, x]$ rank $i$ Boolean $x\in P$
$P$ rank $i$ rank $x=i$ $d=$ rank $P= \max\{$rank $x$ : $x\in P\}$
$i=0,1,$ $\ldots,$ $d$
$f_{i}=f_{i}(P)=\#\{x\in P$ : rank $x=i\}$
$\#$ ( $f_{i-1}$
).
$f(P)=(f_{0}, f_{1}, \ldots, f_{d})\in \mathbb{N}^{d+1}$
$P$ $f$-vector ( face vector) 2 simplicial poset f-
vector $f(P)=(1,3,3)$
Simplicial poset f-vector Stanley
$f$-vector
h-vector Rank $d$ simplicial poset $P$ $P$
h-vector $h(P)=(h_{0}, h_{1}, \ldots, h_{d})\in \mathbb{Z}^{d+1}$ ( $t$ )
$\sum_{i=0}^{d}f_{d-i}t^{i}=\sum_{i=0}^{d}h_{d-i}(t+1)^{i}$
$(f_{0}, fi, \ldots, f_{d})$ $P$ f-vector f-vector h-vector
f-vector h-vector
Simplicial poset $P$ CW-complex $\Gamma(P)$ $(d-1)$ $S^{d-1}$
$P$ $(d-1)$ f-vector
1.1 (Stanley [St2], Masuda [Ma2]). $h=(h_{0}, h_{1}, \ldots, h_{d})\in \mathbb{Z}^{d+1}$
$(d-1)$ h-vector $h$
(1) $h_{0}=1$ $i=0,1,$ $\ldots,$ $d$ $h_{i}=h_{d-i}$ .
(2) $i$ $h_{i}\geq 0$ .




Stanley [St2] simplicial poset f-vector
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(Simplicial poset [St2, Du]






$X$ $\Gamma(P)$ $X$ simplicial
poset $P$ $X$ Stanley-Masuda
f-vector





Rank $d$ simplicial poset $P$
$\beta_{i}=\beta_{i}(P)=\dim_{\mathbb{Z}_{2}}\tilde{H}_{i}(\Gamma(P);\mathbb{Z}_{2})$
$P$ ( $\mathbb{Z}_{2}$ ) ( $\tilde{H}_{i}(\Gamma(P);\mathbb{Z}_{2})$ $\Gamma(P)$ $\mathbb{Z}_{2}$ ).
Simplicial poset $P$ h-vector $h(P)=(h_{0}, h_{1}, \ldots, h_{d})$ $P$ h”-vector
$h”(P)=(h_{0}’’, h_{1}’’, \ldots, h_{d}’’)$
$h_{k}’’=\{\begin{array}{ll}1, if k=0,h_{k}-[Matrix]\{\sum_{l=1}^{k}(-1)^{\ell-k}\beta_{l-1}\}, if 1\leq k\leq d-1,h_{d}-\sum_{\ell=1}^{d-1}(-1)^{\ell-d}\beta_{\ell-1}=\beta_{d-1}, if k=d.\end{array}$
h”-vector
2.2. $T^{2}=S^{1}\cross S^{1}$ $P$









24. $P$ $(d-1)$ $M$ $h”(P)=$
$(h_{0}^{ll}, h_{1}’’, \ldots, h_{d}’’)$
(1) (Novik [No]) $h_{0}’’=1$ $i=0,1,$ $\ldots,$ $d$ $h_{i}’’=h_{d-i}’’$ .
(2) (Novik-Swartz [NSl]) $i$ $h_{i}’’\geq 0$ .








Dhen-Sommerville equation ([Kl, MMP] ). Poincar\’e
duality
(2) Novik-Swartz [NSl] (
). $K$ 2 $K[P]$ $P$ face
ring (face ring [St2] ). $\Theta=\theta_{1},$ $\ldots,$ $\theta_{d}$ 1
$K[P]$ (parameter) $K[P]$ $\Sigma\Theta=\sum_{i=1}^{d}(\theta_{1}, \ldots,\hat{\theta}_{i}, \ldots, \theta_{d})$ : $\theta_{i}$
(1) $h_{i}’’=\dim_{K}(K[P]/\Sigma\Theta)_{i}$
$h_{i}’’$













28([Mu]). $M$ $S^{n}\cross S^{m}$ , $\mathbb{R}P^{n}$
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Note: h”-vector Novik h”-vector
(1)
(1) 83 Goto[GO]
(1) Buchsbaum simplicial posets









). ( [Mu, Corollary3.2]
).
31. $M$ $(d-1)$
(i) 2.4 $M$ h”-vector
(ii) $M$ $P$ $h”(P)=(1,0, \ldots, 0,1)$














$T^{3}=S^{1}\cross S^{1}\cross S^{1}$ $P$ $h”(P)=(1,0,0,0,1)$
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f-vector
33. $P$ $T^{3}$ $h_{2}’’(P)\geq 4(\Leftrightarrow h_{2}(P)\geq 22)$ ?
$h”(P)=(1,0,4,0,1)$ $T^{3}$ ( 51
).
Steinberg torus













$G=(V, E)$ $V$ $E$ (
[Stl, Appendix] ). $G$
$\otimes G$ $e\neq e’$
$*$ $v\in V$ $v$ $e\in E$






Admissible $\Lambda=\{G_{1}, G_{2}, \ldots, G_{d}\}$ poset $P_{\Lambda}$
$P_{\Lambda}=\{(H,$ $S)$ : $S\subset[d],$ $H$ $A_{8}$ $\}$
( $S=\emptyset$ $H$ ),
$(H, S)\geq(H’, S’)\Leftrightarrow S\subset S’$ $H$ $H’$
simplicial poset
97








$\mathscr{Y}--\rangle_{\backslash }^{/}--\copyright/\backslash$.... . $\cdot\cdot$ /
.,:
. $\cdot\cdot\cdot\cdot$ ... /
. $\cdot\cdot$ ...






rank 3 rank 2 9 $G_{1},$ $G_{2},$ $G_{3}$
rank 3 3 $G_{1}\cup G_{2},$ $G_{1}\cup G_{3},$ $G_{2}\cup G_{3}$
( $G_{1}\cup G_{2},$ $G_{1}\cup G_{3},$ $G_{2}\cup G_{3}$ ).
admissible A $P\cong P_{\Lambda}$ simplicial poset
$P$ graphical simplicial poset ( [Mu]
simplicial poset ).
graphical simplicial poset sim licial poset rank $d$
graphical simplicial poset $d$- $(d-1)$
graphical simplicial
poset ( [FGG, Mu]
$)$ .
42. $M$
(i) $M$ $P$ $h_{1}’’(P)=0$











( $\Lambda=\{G_{1}, G_{2}, \ldots, G_{d}\}$
$\cup+_{i\in[d\rfloor}G_{i}$ $G_{i}$ $i$
). crystallization





5. STEINBERG TORUS h-VECTOR
Graphical simplicial poset Stein-
berg torus Coxeter complex
A
$n$ $S_{n}$ $[n]=\{1,2, \ldots, n\}$ $\sigma\in S_{n}$
$\sigma=\sigma(1)\sigma(2)\cdots\sigma(n)$ $V=S_{n}$
$\Lambda(n)=\{G_{1}, G_{2}, \ldots , G_{n}\}$


















$P_{\Lambda(n)}$ $(n-1)$ $T^{n-1}=S^{1}\cross\cdots\cross S^{1}$
$P_{\Lambda(n)}$ Steinberg torus
( [DPS] ). $\Lambda’(n)=\{G_{1}, \ldots, G_{n-1}\}$ $P_{\Lambda’(n)}$
$P_{\Lambda’(n)}$ permutahedron ( $A$ Coxeter
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complex) $\Lambda’(n)$ $G_{n}$ permutahedron
$P_{\Lambda(n)}$ $(n-1)$ $-$
$f_{n}(P_{\Lambda(n)})=n!$ $f_{n}=h_{0}+h_{1}+\cdots+h_{n}$ $P_{\Lambda(n)}$ h-vector
$S_{n}$





$h_{i}(P_{\Lambda(n)})$ $=$ $n\cross\#\{\sigma\in S_{n-1}:d(\sigma)=i-1\}+(-1)^{i}(\begin{array}{l}ni\end{array})$ $(0\leq i\leq d)$ ,
$h_{i}’’(P_{\Lambda(n)})$ $=$ $n\cross\#\{\sigma\in S_{n-1}:d(\sigma)=i-1\}-(\begin{array}{l}ni\end{array})(\begin{array}{l}-n2i-1\end{array})$ $(1\leq i\leq d-1)$ .
$h(P_{\Lambda(3)})=(0,3,3,0)+(1, -3,3, -1)=(1,0,6, -1)$ ,
$h(P_{\Lambda(4)})=(0,4,16,4,0)+(1, -4,6, -4,1)=(1,0,22,0,1)$
$h(P_{\Lambda(5)})=(0,5,55,55,5,0)+(1, -5,10, -10,5, -1)=(1,0,65,45,10, -1)$
$h”(P_{\Lambda(3)})=(0,3,3,0)+(1, -1\cross 3, -1\cross 3,1)=(1,0,0,1)$ ,
$h”(P_{\Lambda(4)})=(0,4,16,4,0)+(1, -1\cross 4, -2\cross 6, -1\cross 4,1)=(1,0,4,0,1)$
$h”(P_{\Lambda(5)})=(0,5,55,55,5,0)+(1, -1\cross 5, -3\cross 10, -3\cross 10, -1\cross 5,1)=(1,0,25,25,0,1)$
52. [DPS] flag h-vector affine descent
h-vector descent
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